Abstract
Introduction
Branching structures with smoothly blending junctions are a key feature of many natural phenomena (herbaceous plants, trees, coral, shells, icicles, speleothems, animals). Several methods have been applied to model this phenomenon, however, a major failing of previous work in this area comes from the observation that many branching structures are not universally smoothly blending. Common features of trees such as the branch bark ridge shown in Figure 1 , may combine both smooth and non smooth components in a single branching point. Another feature of trees, the bud scale scar shown in Figure 1 , may vary from a non smooth to a smooth blend over time. These situations have not been modeled yet.
A common approach to modeling developmental sequences of plant growth is to simulate the temporal development of plant structures based on biologically derived rules that control plant internal functionality using morphogenetic or physiologically based approaches [dREF * 88, PL90]. The development and final structure of a plant model emerges from the developmental rules. It is usually found, however, that (a) visual realism requires a good understanding of the underlying process and (b) global characteristics of a plant's features, such as crown shape or branch distribution, cannot be explicitly specified. A method is also introduced to describe the developmental growth of a tree using a globalto-local methodology [PMKL01] . The advantage of this approach is that complex developmental sequences may be defined without knowledge of the underlying biological processes. Rather, the method allows specification of the model in a direct manner based solely on observed phenomena. Using these techniques, realistic visualizations of growing trees may be achieved. The method is demonstrated by its application to a growing model of Populus deltoides (Eastern Cottonwood).
Previous work
The simplest step in the quest for realism of branching structures was the representation of internodes as 3D cylinders [dREF * 88, PL90]. A visually more advanced technique was the use of generalized cylinders [Blo85, LD99, Hol94, Opp86, PMKL01]. Unfortunately, these techniques do not properly capture the geometry of branching points.
Modeling of the geometry around branching points was first addressed by Bloomenthal, who proposed to solve this problem by crafting parametric patches [Blo85] . A more recent method is the use of subdivision surfaces, models of branching structures were created by Tobler et. al.
[TMW02], who procedurally grew a mesh, then subdivided the resulting control mesh. Related techniques, using subdivision to model branches, were introduced by Weta Digital in the film "Lord of the Rings: The Two Towers" [AP] and by Akleman et. al. [ACS03] . However, all of these methods are globally smooth, and it is problematic to construct models of arbitrarily complex branching structures.
A limited implicit model of trees was proposed by Hart [HB96] , Maritaud [Mar03] used implicit surfaces in combination with procedural bark texturing methods, and Jin et al. [JTFP01] used convolution surfaces to model branching structures, including trees. These methods all defined uniformly smooth blending at branching points.
Plant modeling
Many researchers have studied the creation of plant models and proposed a range of methods that may be used to model, simulate, and visualize plant structures. These methods In this research, an extension of the global-to-local modeling methodology [PMKL01, M03] is used to describe the development of a tree. Prusinkiewicz et al. [PMKL01] presented a modeling approach for static plant structures that focused on intuitive and direct control of a plant's global appearance. Plant structures were explicitly described in terms of graphically defined, continuous functions that express plant components' characteristics as functions of their position within the plant structure. These functions were referred to as positional information.
The use of positional information for interactively modeling plant development was presented in [M03] , suitable for generating realistic plant development without detailed knowledge of biological processes of plant development. The key idea was to depart from the biological development paradigm, that the shape of an organ is implicitly contained in its growth history [Tho61] . The spatial distribution of plant components was isolated from their temporal formation and growth. The proposed modeling process consisted of three steps: using procedural algorithms to describe the architectural arrangement of plant components, using positional information to define the spatial distribution of plant components for the final structure, and using positional information to specify the formation and growth of plant components. This work was limited to modeling plants with a single season of growth, and as such is not directly applicable to modeling the growth of trees.
In the scope of this research, plants are considered as an assemblage of plant components with a structure described in terms of axes [JL87, GCC97] . The axis of order 0 is the main axis, axes of order 1 are the branches connected to the main axis, and so on (Figure 2) . A branch consists of a sequence of constructional units referred to as metamers, consisting of an internode and associated leaf and lateral bud, if present [Bel91] (Figure 2) . A lateral bud may develop into a flower or give rise to a lateral branch. The reader is referred to [Hos90, Wil84] for a more thorough description of tree development and form. Relevant observations summarizing the phenomena modeled in this research are defined below.
Growth characteristics of Populus deltoides
Trees differ from other plants in that they grow over many years, and experience two types of growth, primary growth and secondary growth. Primary growth is the elongation of preformed metamers from a bud produced by the previous years growth. Internodes cease to elongate after their first year of growth, and experience secondary growth, characterized by the steady thickening of branches and production of bark. One years growth arising from a single bud is defined as a shoot, and typically consists of a sequence of metamers, each with associated leaf and lateral bud, terminated by an apical bud. Shoots may vary in length, and number of metamers, based on position in the global tree hierarchy.
In Populus deltoides, shoots arising from buds produced by a common shoot in the previous year, have a fairly regular pattern of lengths relative to each other. The apical bud produces the longest shoot, the lateral bud closest to the tip of the shoot produces the next longest shoot, and the lengths of lateral shoots decreases for lateral buds farther from the tip, shown in Figure 3 . Lateral buds near the base of the shoot may not produce a branch at all. There are many exceptions to these guidelines, but we adhere to these rules when constructing our model. When a shoot grows, the bud scales are lost, and bud scale scars are observed ( Figure 1 ) as a ring around the branch. Bud scale scars from the apical shoot slowly disappear as bark grows over them, and the scars from lateral shoots are gradually replaced by a branch bark ridge ( Figure 1 ).
Branching angles vary based on length of shoot and time. Longer shoots have smaller branching angles than shorter shoots. Observed angles range from approximately 80 degrees for short shoots to 35 degrees for long shoots. The variation in branching angle over time results from gravitational forces pulling larger branches down. This also affects the shape of branches over time. Branches typically curve gently upward toward available light. Longer branches may have an S curve, where they bend downward close to their base, and the tips gently curve upward again. The shape of the trunk is also variable. Typically this is a response to environmental conditions, resulting from variable branching density on different sides of the tree.
Crown shape varies over time. A young tree resembles a broom stick for its first few years, growing rapidly upward with short branches. As the tree ages it tends to a rounded crown, with long well developed branches. Branching density also varies with time. Branches which do not receive enough light will die, and eventually be lost. Typically these are smaller branches in the interior of the tree.
Implicit surfaces
An implicit surface [Blo97] S may be derived from a field function F(x, y, z), and is defined as the set of points P = (x, y, z) at which the value of F equals 0, as follows:
Implicit surfaces are an intuitive means for modeling smoothly blending branching structures in computer graphics [Blo95, BS91] . A common approach is to first define the underlying skeletal structure, then represent each skeletal component using an implicit surface primitive, which have the inherent ability to blend smoothly with each other. In contrast to other methods, implicit surfaces use the same approach regardless of the complexity involved. Recently, implicit surfaces have been used as the basis for more complex modeling systems [WGG99, ACF * 99] which incorporate techniques such as controlled blending, bounded blending, CSG, PCM and spacial warping in hierarchical structures.
PCM is a method of deforming implicit surfaces in contact situations to maintain a precise contact surface with C 1 continuity [Gas93, DCG98] . The method is only an approximation to a properly deformed surface, but is an attractive algorithm due to its simplicity. More recently it has been applied to convolution surfaces of an articulated skeleton in a branching situation, where distant parts of the skeleton could be defined not only to avoid blending, but to deform each other using PCM [AJC02] . One problem with this method is that it did not allow the surfaces generated by adjacent skeletal elements to be both in a blend and contact situation at the same time. 
Generalized bounded blending
Pasko introduced the idea of bounded blending [PPIK02] , in which two functional solids defined by field functions F 1 and F 2 , could be locally blended based on a third bounding field function F b . This method allowed an intuitive control over local blending between two solids, but was only defined to allow either a blending or non blending situation between F 1 and F 2 .
Generalized bounded blending allows smooth interpolation between two arbitrary blend operators, and is defined at a point p by a function Fg(p). Fg depends on a set of field functions,
, and a bounding field function F b (p). Two blending functions B 1 ( f 1 , f 2 , ... fn) and B 2 ( f 1 , f 2 , ... fn) are also required, which may use any definable blending method, such as summation, convolution, PCM, or CSG. F b must meet the following criteria in order to produce smooth interpolation between B 1 and B 2 :
The field value of function Fg(p) at point p, is given by: − r) 2 ) 3 where r is the distance from a skeletal primitive, however arbitrary fields could be used for F b , including non-smooth fields such as produced by CSG operations. Application of Fg to combine two line primitives, with B 1 and B 2 defined as PCM and blend as shown in Figure  4 , produces the result shown in Figure 5 , where the bounding field F b is visualized as two transparent surfaces. The inner one bounds a region where F b = 1, and the outer one visualizes the zero surface of F b . F b is defined such that its value is 0 everywhere outside this region.
Visualization of tree features
The function F b (see section 3.1) is applied to model the bark ridge ridges and bud scale scars in trees by interpolating between blend and PCM. This is appropriate as in nature the shape is a consequence of the collision between bark volumes and PCM was designed to model collision deformations. It can also be observed that the collision volume is bounded and there is a smooth change from the deformed part of the volume to the smoothly blended part. To capture the blackened colour of the branch bark ridge, the bounding field defined by b = F b (p) is used to determine texture attributes in the region of PCM as shown in Figure 6 . On the left the same situation is shown as in Figure 5 , except that where the field is modified by the PCM blend, the surface attributes are defined by the bounding field, illustrated by the green ridge. On the right we see the application of texture maps and a black colour defined by the bounding field to produce visually realistic results.
To model the variation of bud scale scars and the branch bark ridge over time, the field function F b is modified over time. Results for a simple branching situation over the course of several years are shown in Figure 7 . The bud scale scar on the main branch is gradually lost, and the bud scale scar of the lateral branch becomes a branch bark ridge.
Global-to-local modeling of a growing tree
In this section, the description of the model of tree growth is given for branches of order 0 (the trunk) and 1. It is then extended to higher order branches and animation. The following notation is used throughout this section; y ∈ [0, ymax] denotes the current year after germination, where ymax is the maximum age of the tree. Length of a branch in year y is denoted as ly, and the following inequality is enforced:
where l min is a user defined minimum length of shoot. 
Structure of branches
The first step is to define the length of each branch for each year. A useful observation is that branches of every order may be considered as a series of growth increments produced annually. The difference in length from one year to the next determines the length of that years shoot.
The length of the trunk, or branch of order 0, is treated as a special case, and is determined by G h as above. The length of order 1 branches is determined by the use of two functions G s1 (xy) defining the desired silhouette of the tree when it is young, and G s2 (xy) when it is mature. The length of a branch in each year is then determined as follows:
where l dy is the determined length before enforcing equation 5. Resulting branch lengths are shown in Figure 8 , where each years growth is coloured alternately in blue and red.
The new years growth is shown in green. The bands of colour represent a contour for each years growth. It can be seen that the contours become more rounded as the tree ages. Note that the input xy to functions G s1 and G s2 varies for a given branch by year. This implies that it is not possible to individually control the appearance of a specific branch using G s1 and G s2 . The third step offers a solution to this problem.
Figure 8: Length of branches visualized by year. Each years growth is coloured alternately blue then red. New years growth in green.
The second step is to define localized orientation for branch segments. This is done by interpolating between G o1 (xy), defining local orientations for a theoretical branch of length 0, and G o2 (xy), defining local orientations for a branch of maximum length lmax. For each growth increment along a given branch, a desired heading θ is specified by interpolating between these two curves as follows, where xy represents the position of the growth increment along the current branch, and not the position of the branch along its parent:
During construction of the branch, each segment is rotated by an appropriate amount relative to its predecessor such that it is oriented at an angle θ away from the original heading of the branch. A positive heading is defined to orient the branch more in the direction of its parent, and a negative heading has the reverse effect. By defining G o1 to be increasingly positive, shorter branches tend to grow more upward along their length. G o2 is defined to be initially negative, and then increasingly positive, which gives an S shaped curve to longer branches, and simulating the effect of gravity upon them. The result is shown in Figure 9 .
The third step associates a scale factor s b , defined by G bs (xmax) with each branch as follows:
The scale factor is used in several ways in the modeling process. Initially it provides a direct method for controlling the The fourth step defines how long a branch lives before it is lost. A function Ga representing age a of a branch when it is lost is defined as follows:
The result is that shorter branches will tend to be lost sooner than long ones of the same order as shown in Figure 11 . Note that shorter branches remain near the top of the tree where they have a younger age. Short branches near the bottom from Figure 10 have been shed. Using the length of branches to determine their lifespan is avoided in order to allow short branches of high order to live longer than lower order branches of greater length, a phenomenon observed in real trees.
Finally, the radius of a branch is defined as a function of position along the branch, and stochastic variations are added to the branch orientation to create a more lifelike tree model. 
Higher order branches
Section 4.1 described the use of positional information to determine the structure of branches of order 0 and 1. To extend the method to higher order branches, paracladial relationships between the main and lateral branches are assumed, that is, the same information is recursively applied to branches of higher branching order. To account for variations in branch orders, some modifications are made as follows.
Length of higher order branches is defined as with order 1 branches, but are scaled based on the order of branching. Equation 7 is modified as follows:
The result is narrower crowns of branches relative to their length when compared to the trunk. Note that this does not affect the branch scale factor s b of the branch. Rather we redefine equation 10 as follows:
where s bp is the parent branch's scale factor. Branch curvature is defined based on length of the branch and is not modified for higher orders. Similarly, the lifespan of higher order branches is determined as in equation 11 using s b from equation 13 as input. Finally, lateral branches will not be created if s b is below a user defined threshold s min .
Structure and development of shoots
In each year, a new shoot will grow from the apical bud of each branch, and from some of the lateral buds. Each shoot is composed of several metamers, which may produce new lateral branches in the following year. 
where ls max is the maximum length of a shoot. Once the number of metamers has been defined, the length of internodes l i is assumed to be equal for each metamer in the shoot where l i = ls/m. In the year a shoot is grown. Each metamer will produce a lateral leaf. The position of a lateral organ relative to its parent shoot is given by xs ∈ [0, 1]. A graphically defined function G l (xs) defines the size of leaf for each metamer.
In the year following a shoots growth, it will produce lateral branches. Lateral branches for a given shoot are constructed as in the previous two sections, with the modification that all lateral branches use the position of the shoot along the branch to determine their lengths and scale values. In addition to this, the scale value s b for each lateral branch is further modified by a graphically defined function Gss(xs) which defines another scale value as a function of the lateral branch's position along the shoot. Equation 13 is thus modified as follows:
where xmax is the position of the shoot along the branch. As noted in Section 2.2, the longest lateral shoot will be formed by the lateral bud closest to the shoot tip. Gss is defined appropriately to model this phenomenon.
Lateral branches are arranged in a spiral phylotactic arrangement, where the lateral branch of each successive metamer is placed at an angle of 137.5 degrees from the previous one in the plane perpendicular to the axis of the branch. To avoid repetitive patterns in the final structure, caused by the longest branch from one years shoot being nearly coplanar with the longest branch from the previous years shoot, the metamer count m for a given shoot is restricted to only allow internode counts such that the two longest lateral branches on the current shoot are placed at an angle at least 40 degrees away from the longest branch of the previous years shoot.
The development of a single shoot is specified as in [M03] . The development of each metamer is considered to be identical, and is given by graphically defined growth curves for internode elongation, leaf growth, and bud growth. Growth curves of subsequent metamers are offset in time resulting in a continuous development of a single shoot. The result of applying this process is shown in Figure 12 .
Results
Three animations illustrating various aspects of a growing Populus deltoides model were produced. Frames from bbridge.mpg are shown in Figure 7 , which demonstrate the effectiveness of the proposed method in modeling the branch bark ridge and bud scale scars over time. The gross features are modeled although more work needs to be done on the bark texture and its placement. Figure 12 shows frames from shoot.mpg, illustrating the growth of a shoot over one year. Note the visible bud scale scar at the base of the shoot where the bud scales are lost. Finally, populus.mpg shows the growth of a Populus deltoides over 27 years, including succession of foliage in each year shown in Figure 13 . Figure  14 shows (from left to right) a series of images of real trees at different stages of growth. Note the shape and distribution of the branches is matched quite closely by the generated images from populus.mpg shown in Figure 15 .
While the use of implicit surfaces to visualize the resulting models is an advantage for producing more photorealistic models of growing trees, they also vastly increase the computational complexity of the rendering pipeline. The high frequency nature of a tree model does not react well to standard polygonization techniques. Figure 16 shows a polygonized approximation based on a 1024 3 voxel grid and rendered in OpenGL on the left, and a ray traced image with 768 2 pixels and no anti-aliasing on the right. The polygonized model required 350 seconds to create the polygons, but even with a very fine voxel grid, the high frequency details are missing. In contrast, the ray traced image required only 430 second to produce an image which captures almost all of the high frequency detail.
Given the non-interactive goal of a photo-realistic animation of tree growth, ray tracing has been used to produce all three animations for its vastly superior image quality. Rendering time for populus.mpg varied from 2 seconds to 30 minutes per frame, with anti-aliasing, on a Pentium IV processor with 1Gb of RAM. Much of the time for the later frames was due to memory intensive acceleration algorithms which resulted in swapping memory to the hard drive. As an example, the final image in Figure 15 contains 181,692 primitives, 22220 operation nodes, and required 1.4 Gb of RAM to ray trace efficiently. It is estimated that 30% of the rendering time was spent swapping memory.
With the high rendering times per frame, construction of the model was correspondingly slow. It required 1 week to fine tune the parameters once the algorithm was determined. Experience with another plant modeling system based on L-systems and parametrically defined surfaces [PMKL01] , which was the inspiration for this work, leads to the conclusion that without the rendering delay for each iteration in the modeling process, the entire animation could be defined in a single day. The intuitive nature of the graphically defined functions used to control local properties of plant organs is a fundamental aspect of this process [PMKL01, M03] , drastically reducing the amount of guesswork involved in this process compared to other methods. The resulting structure could then be given to the ray tracer to produce high quality renderings of a corresponding implicit surface.
Conclusions
In this work we have proposed the use of a procedural system for modeling tree growth which includes a combination of smooth and non-smooth features not previously modeled. The system builds implicit surfaces as hierarchical BlobTrees [WGG99], and contains many useful tools for representing growing trees, including generalized bounded blending as introduced in this work. The use of graphical interactively defined functions for specifying model parameters, combined with the inverse modeling paradigm and implicit surfaces, provides an intuitive and powerful approach to modeling growing trees. We demonstrate that a realistic procedural model of a growing tree can be built using this approach, which enables modeling of features which have not been represented using other methods. Specifically it was demonstrated that smooth visualizations (animations) of aging bud scale scars and branch bark ridges in developmental tree models can be obtained.
The main contributions of this work are summarized below:
• The concept of generalized bounded blending is introduced.
• A combination of blending, precise contact modeling, and generalized bounded blend is used to represent branch junctions (bud scale scars and branch bark ridges).
• A method is presented for producing smooth animations of growing trees using the inverse modeling paradigm.
There are many areas of future work. The proposed method has thus far been applied to only one species of tree. As it is an extension of the techniques described in [PMKL01, M03] , and given the wide ranging success of these methods, we believe that its application to many other tree species will prove successful. Application of known techniques for computing radius of branches [SYHK64] , and orientation of plant organs such as leaves and lateral branches [WP95] , should be included in our model of tree growth. Bifurcating structures in older trees have not been incorporated in the current methodology. Our texturing algorithm is a primitive one, and more work on realistic texturing around branch junctions is required.
